a b s t r a c t A linear viscous model for evaluating the stresses and strains produced in masonry structures over time is presented. The model is based on rigorous homogenization procedures and the following two assumptions: that the structure is composed of either rigid or elastic blocks, and that the mortar is viscoelastic. The hypothesis of rigid block is particularly suitable for historical masonry, in which stone blocks may be assumed as rigid bodies, while the hypothesis of elastic blocks may be assumed for newly constructed brickwork structures. The hypothesis of viscoelastic mortar is based on the observation that non-linear phenomena may be concentrated in mortar joints. Under these assumptions, constitutive homogenized viscous functions are obtained in an analytical form.
Introduction
Over time, masonry structures, particularly those subject to service loads, may incur damage due to creep phenomena, accompanied by a consequent redistribution of stresses and strains; in fact, although in many cases this effect stabilizes after a certain number of years, high stress levels can cause micro-cracks to coalesce and grow. Moreover, innovative techniques, such as post-tensioning masonry methods (Van der Meer et al., 2009 ), used to counteract the weakness of masonry under tensile stress, have highlighted the necessity of developing models that take into account the time-dependent behaviour of these structures.
To this end, several rheological models have been proposed by Choi et al. (2007) based on experimental tests, studies that have further emphasized the importance of the issue.
In this paper masonries made up of a regular pattern of stone blocks between which mortar is laid are considered, in order to develop a suitable model; hence various factors need to be taken into account. In particular, these include the orthotropy along the two natural directions of the masonry (i.e. the bed joint direction and the head joint direction); the different strengths along these two directions; the effects of friction and sliding along an open crack; the irreversible deformation under compression; and finally the stiffness recovery at crack closure under alternate loading.
Some recent damage models have been successfully applied to the analysis of masonry, aided especially by their combined efficiency and simplicity. Nonetheless, the definition of damage by suitable non-scalar criteria and the introduction of the orthotropy typical of the masonry structures into the model still remain troublesome issues (Luciano and Sacco, 1997; Berto et al., 2004; Lourenço and Rots, 1997; Taliercio, 2009) .
Moreover, in recent years, research interest has been focussed on the long-term behaviour of historical masonry under high levels of stress (Verstrynge et al., 2010 (Verstrynge et al., , 2011 Como, 2010) , particularly due to the well-known fact that accumulation of damage may provoke the collapse of heavy and/or high structures. Indeed, the time-dependence aspect of masonry behaviour seems to be a very consistent problem in cultural heritage, with particular reference to columns (Binda et al., 1992; Modena et al., 2002; Papa and Taliercio, 2005; De Falco and Lucchesi, 2000) ; examples reported in the literature include the effect of viscous strain in the columns of a gothic cathedral (Roca, 2001) and in the columns of the Parisian Pantheon (Blasi and Coisson, 2006) .
As far as creep is concerned, it should be noted that the existing technical literature relies heavily on empirical and semi-empirical approaches derived from a limited number of experimental tests (Choi et al., 2007; Binda et al., 1991) , with the result that many of the proposed models seem to feature unacceptable levels of accuracy in the validation of their experimental results. Moreover, these models also suffer from a lack of generality, having been derived for specific situations of creep in historical masonry.
Hence, the aim of this study is to provide a rigorous viscoelastic model of masonry behaviour over time, whose validity is independent of particular loading conditions (i.e. in-plane and out-of-plane action).
Particular attention has been focussed on the study of the internal microstructure of viscoelastic materials, resulting in the recognition that periodic materials, such as masonry, may be homogenized by both/either linear and/or non-linear procedures (Suquet, 1983; de Buhan and de Felice, 1997) . In particular, a viscoelastic model for masonry may be found in Hughes and Harvey (1995) and Shrive et al. (1997) . In the case of periodic materials, a constitutive homogenized function was applied to a material with two viscous phases in (Suquet, 1987) .
For multilayer solids, a wide literature exists, however, in the authors knowledge, a discussion, in the technical literature, for material like masonry does not exist in the viscous-elastic case. Anyway it is well known that multilayer solid represents a very particular case by respect to masonry like material and the results obtained through homogenization in elastic case do not coincide at all with the ones obtained for masonry like materials (Anthoine, 1995) .
In the present study, linear viscoelasticity theory is also used for rigorous application of the homogenization procedures. An hypothesis of rigid or elastic blocks and viscoelastic mortar is assumed for masonry; thus, the time dependence of the constitutive function refers to the mortar alone. The hypothesis of rigid blocks is particularly acceptable in some historical masonries, in which stone blocks, with high mechanical properties, may be assumed as rigid bodies. The hypothesis of elastic blocks, on the other hand, may be assumed in cases where inelastic deformations are mostly concentrated in the mortar joints, i.e. in structures of recent construction.
Based on these hypotheses, constitutive homogenized viscous functions are obtained in an analytical form. Some meaningful cases are discussed: the case of masonry columns subject to minor and major eccentricity, and the time-dependence of panel behaviour under horizontal and vertical loads.
Basic relationships in homogenization of linear viscoelastic materials
The best-known homogenization procedures are based on the definition of a representative elementary volume (REV). This unit, whose repetition describes the body as a whole, contains all the descriptors (kinematic, dynamic and constitutive) necessary for representing the entire structure in viscoelastic homogenization procedures.
Let (x) be a reference system for the global description of the body j (macroscopic scale) and let (y) be a reference system for the elementary module Y-REV (Fig. 1) ; it is possible to define:
R and E as, respectively, macroscopic stress and strain tensors, and r(y) and e(y) as, respectively, microscopic stress and strain tensors. The macroscopic tensors must be the averages of microscopic tensors (oscillating function), for example:
where <Ã> is the average operator and u is the displacement field. All mechanical quantities usually assumed as additive functions are averaged previously from the micro-to the macroscopic level. In particular, in linear viscoelasticity, the constituent may be assumed to obey Maxwell's law:
where C is the viscous compliance tensor, D is the elastic compliance tensor, and _ u is the field displacement rate. Hence the macroscopic function derived from (2) is:
where the J tensor takes into account long memory effects. Hence, for Y-REV:
Here, r(t) is the microscopic stress tensor state; eð _ uðyÞÞ is the microscopic strain tensor state; u per is the periodic displacement field; and Ė is the macroscopic in-plane strain tensor rate . Homogenization techniques for the study of micro-structured materials such as masonry have previously been proposed by several researchers, assuming elasticity and making use of the Cauchy and Cosserat continuous (Anthoine, 1995; Sab, 2002, 2004; Mistler et al., 2007; Salerno and de Felice, 2009 ), or using non-linear techniques upon the occurrence of damage phenomena (Luciano and Sacco, 1997; Shieh-Beygi and Pietruszczak, 2008) and upon structural collapse (Sab, 2003; Cecchi and Milani, 2008 ).
An approach relying on a number of simplifying assumptions that lead to closed-form expressions for the elasticity coefficients was developed by Brooks (1990) and Brooks and Abdullah (1986) . In this study, the creep coefficient of brickwork was obtained by evaluating the properties of its individual constituents, and the mechanical properties and geometry of bricks and mortar joints were extended to the creep compliance of masonry by the simple expedient of replacing the elastic moduli of the components with suitable moduli.
In this paper, as regards the viscoelastic case, derivation of masonry constitutive equation was performed by means of a homogenization procedure. Here the hypothesis of linear viscosity is used so that homogenization theory can be applied in a rigorous manner and that the time dependence is linked solely to the creep function of mortar. Although it is evident that blocks may also be assumed as being composed of a viscous material, in this initial model, block behaviour is assumed to be independent of time, with the aim of highlighting several important aspects of masonry behaviour using a simplified model. As previously mentioned, the combined hypothesis of rigid block and viscous mortar joint is particularly representative of historical masonry, as reported in the technical literature (Chiorino, 2005; Como, 2010; Verstrynge et al., 2010) .
Hence, the assumptions behind the model proposed herein are: viscous behaviour of mortar; rigid or elastic block behaviour; and, in some cases, a small joint thickness as compared to block size, i.e. an interface model. Thus, in this case, a simplified solution in an ''analytical'' form may be found.
If n is the ratio between E b , Young's elastic modulus of the block, and E m , the Young's modulus of the mortar; and b is the ratio between e, the thickness of the joints (e h is the thickness of the bed joint and e v is the thickness of the head joint), in the Y reference configuration of the module, the thickness of the mortar joints may be stated as a function of the b parameter as follows: b = e h /a = e v /cb. c % 1 is a parameter which takes into account the possibility that the head and bed joints may not have the same thickness ratio, and a is the height and b the length of the block. The constitutive function may be written as a function of parameters n and b; hence A nb is a periodic constitutive function defined here by the elastic function of the blocks and the viscous function of the mortar: If the study is focused on the asymptotic case:
, identification of the constitutive function is linked to how the n// ratio tends to zero. In fact, if b tends to zero, then the mortar joint becomes an interface (a similar issue was studied by Klarbring (1991) by means of perturbative techniques).
If n tends to zero, on the other hand, then the mortar becomes infinitely deformable with respect to the block. The most significant case is that in which the two parameters tend to zero with the same velocity:
Hence an asymptotic auxiliary problem (4) may be rewritten with reference to the block. In this case the mortar appears merely as a boundary condition:
Here, n is the unit vector in the y 1 and y 2 middle planes of Y-REV; P is the interface, [[u(y) ]] is the jump in displacement field at P , and K, assuming isotropic behaviour of the mortar, is therefore given by:
Here e (Klarbring, 1991) . It must be noted that here only the Young's modulus is assumed to be a function of viscosity. This choice depends, at a microscopic level, on the interface model assumed for the mortar joint; the only characteristic parameters for mortar are the bulk modulus and shear modulus, rather than the Poisson ratio. At a macroscopic level, on the other hand, the choice depends on the prevalence of vertical permanent loads with respect to other loads to which the panel may be subjected, thereby rendering the dependence on the Poisson ratio negligible. Furthermore the dependence only of Young modulus to viscosity function may be found also in the case of multilayer solid models.
Note that:
the K tensor has a diagonal form in this case. K = K v for the horizontal interface and K = K h for the vertical interface.
In this way the possibility to assume different constitutive functions for horizontal and vertical joints is considered. This assumption may be very representative of masonry like material.
Some time-dependent constitutive relationships proposed for mortar
As regards the constitutive viscous function of mortar, a uniaxial reference may be found in Choi et al. (2007) . In this study, masonry creep was experimentally investigated with reference to newly built masonry columns and walls. Representative creep models were derived from the Ross (1943) and Feng models (Feng et al., 2005) , which consist of the Kelvin model plus an additional spring; this technique only works, however, when t = t 0 , t 0 being age at loading. According to these approaches, the creep compliance of mortar is:
where b R and b F are, respectively, the US Bureau of Reclamation model
where s u is the retardation time specific to this model. In this case, the creep function has a logarithmic expression and may be derived from a rheological model using a dashpot spring with linearly varying coefficient. Choi et al. (2007) proposed such a model, which is more sensitive to several parameters, modifying the Maxwell model by an additional spring as follows:
where a 2 is the spring constant, A is the area of the specimen subject to load, and L is the specimen length.
Creep models are reported and compared in Fig. 2 . As well known viscosity models are strongly sensitive to several parameters, i.e. relative humidity and age at loading, let us note, with particular reference to historical structures, the difficulty in evaluating the actual effect of viscosity.
Homogenized viscoelastic constitutive function

1D homogenization: masonry columns
The exposed general theory is, in this section, specialized to the 1D case and some results already known in the literature in the theory of multi-layered solids are derived.
In this case, the masonry is represented by a one-dimensional element, periodic only along x 2 , as shown in Fig. 3 .
The displacement function periodic along y 2 (one-dimensional case) according to Eq. (4) is:
u 2 per is defined as:
where a is the block height and e h is the mortar thickness. k j j is a constant to be determined by following the periodic boundary conditions:
and the boundary condition of stress continuity:
where '','' is the derivation operator. Hence, the average stress is given by:
and the homogenized function obtained in the analytical form becomes:
where E b = the Young's modulus of block, E m = Young's modulus of the mortar, and u m (t) = the viscous function of the mortar. It must be noted that the elasticity of block modifies the effect of viscosity in the mortar over time.
If
, the homogenized constitutive function may be easily derived from equation (18) and it must be noted that the trend in viscosity in the homogenized function does not coincide with the viscosity function of mortar alone. In this case, this coincides with the homogeneous case, as shown in Fig. 3 ; the differences are a function of the geometry, i.e. the ratio between the height of the block and the thickness of the mortar.
In the case of the rigid block assumption, the homogenized modulus (normalized versus elementary volume size a + e 
where Eq. (21) refers to the case of a transversally incompressible joint that, at its limit, is comparable to the joint interface model. An extensive analysis of sensitivity to E m /E b ratio, in the elastic case, of constitutive homogenised function may be found in (Cecchi et al., 2005) . Same considerations may be extended in this case where only blocks are viscoelastic.
A simple compression test
In the technical literature, there are many papers reporting experimental results for the viscoelastic effects of structural elements under axial loading (Reda Taha and Shrive, 2006; Verstrynge et al., 2010 Verstrynge et al., , 2011 . Among these the experimental test of Brooks (1990) is chosen. However, in real cases of columns, compression is usually present with eccentricity. In absence of experimental tests, in the following examples, evidence is discussed as, on the basis of the method developed, they can be easily treated.
The analytical model proposed in previous subsection is used for simulating creep behaviour of masonry by reference to experimental results proposed by Brooks (1990) .
Calcium silicate bricks and Portland cement-lime mortar were subject to a sustained stress of 3 Mpa for 300 days. Mechanical characteristics of masonry constituents are: brick Young modulus E b (t 0 ) = 17,100 MPa; mortar Young modulus E m (t 0 ) = 7700 MPa, geometric characteristic are a = 65 mm height of brick and e h = 12 mm mortar joint thickness. In the paper of Brooks (1990) the compressive strength of masonry obtained from experimental tests is not reported. Basing on Eurocode N6 and NTC 08 it is possible to propose an estimation. The mortar may be assumed as M5 and the strength of brick may be obtained from its elastic modulus. It is possible suppose the compressive strength of masonry is at least twice of applied stress. Hence the experimental tests performed are quite far from damage phenomena. In Fig. 4 experimental results of Brooks are reported and compared with the here proposed monodimensional model (see Eq. (18)) by using as viscosity function Ross (Eq. (9)), Feng (Eq. (10)) and USBR model (Eq. (11)). The creep parameters used for these models are the ones reported in (Choi et al., 2007) for set S7 obtained from test results. It may be noted that analytical result of Feng are in agreement with experimental ones. The results of Ross and USBR on the contrary show a more consistent relaxation in particular in the first time steps. A justification in the differences, as already explained, may be found in the sensitivity of different creep model to several parameters: humidity, coefficient of retardation time.
Minor eccentricity: a hyperstatic case
The case of a masonry column subject to compression and transversal loads is considered.
In this case the used constitutive function is only the vertical bulk modulus, that takes into account only the bed joint, hence the function does not depends on the texture of masonry cross section.
The analysed column is clamped at the base and simply supported at the top, boundary conditions that can be considered representative of several types of historical columns in which chains are present (for example cloister columns).
In the following Fig. 5 , the strain of a column clamped at the base and simply supported at the top is investigated in the case of an axial load P = 0.2P E , where P E is the Euler critical load. However, it is a well-known fact that, due to geometric and mechanic imperfections, the representative deformation of the actual structure response may reach a maximum value for load at a point considerably inferior to the critical load. The elastic modulus used to determine the strain in this representative column is the homogenized modulus obtained in Eq. (18) It must be noted that the amplification factor of beam deformation over time due to mortar viscosity for a newly constructed column increases of about 3-6% at time t = 6000 days. The trend of u elastic maximum elastic displacement of the beam versus u viscous maximum is showed in Fig. 5 . The u viscous + u elastic displacement of a beam tends to be constant after this time.
Major eccentricity: the no-tension column
A second stability analysis based on a no-tension hypothesis was performed (Como, 2010; Olivito, 2003; Shalin, 1971; Yokel, 1971) . A masonry column of height l, cross section s Á s = 380 mm Á 380 mm and inertia I = s 4 /12, clamped at the base and subjected to load P and eccentricity e was considered. The same mechanical characteristics as the previous case were considered. In the deformed configuration, under the no tension hypothesis, two areas of the material may be defined: cracked and un-cracked (Fig. 6c) .
The following a-dimensional parameters are introduced:
where p is the maximum displacement at the column base, v is the transversal displacement in a material infinitely resistant to compression, and I is the inertia of the cross section.
In the entire resistant area the well-known displacement equation below is used:
while in the cracked area:
Boundary conditions are: u(l) = e; u 0 | 0 = 0. For 1 6 m 6 3, considering large eccentricity (1/6 6 e/s 6 1/2), equation (23) 
For 0 6 m 6 1 a case of small eccentricity is considered (0 6 e/ s 6 1/6). In Fig. 6a , the values of al versus p are reported for different values of parameter m. In Fig. 6b , at fixed m = 1, the change over time of al versus p is reported at different ages at loading.
In this case, for m = 1, (Fig. 6b ) the load acts at the edge of the central core of inertia, e = s/6; it must be noted that the timedependent behaviour of the column reduces the al defined in equation (24) decreases from about 0.7 to 0.5, therefore the critical value of the axial load decreases of about 25%.
2D homogenization: a masonry panel
Following the procedure of Cecchi and Sab (2002) , a twodimensional case, the homogenized moduli for an elastic brick and joint are obtained in Y, and not in Y b ; the effective joint thickness is taken into account in the mathematical procedure below.
In fact, the bounds on A H may be defined as follows:
where a H is the homogenized 2D elasticity tensor obtained with plane stress in the blocks and 2D restriction of K at the plane strain interface in the mortar. A H is the homogenized plane strain elasticity tensor (= plane strain in both blocks and mortar).
A
R is the homogenized in-plane tensor:
where A b⁄ is the plane stress elasticity tensor of blocks and A F is the homogenized membrane tensor for rigid blocks connected by elastic interfaces.
The following equations are obtained: 
In this way viscoelastic behaviour of masonry may differently depend on horizontal and vertical joint.
The differences between Eq. (27) and those obtained by the first author in a previous paper (Cecchi and Sab, 2002) ). In the rigid case, elastic homogenized moduli with a mortar joint of finite thickness becomes:
bþe v Þ Thus, the linear homogenization theory produces a simple equation that consents the texture sensitivity to be taken into account. In particular, Eq. (27), in the case of an elastic block, and (28), in the case of a rigid block, shows the different contributions of bed and head joints. According to the previously described one-dimensional case, a numerical experimentation was performed to verify the trend in viscous function in the mortar, with reference to homogenized functions for different E m /E b , i.e. Young's modulus of mortar and of block, ratios (Fig. 7) .
Also in this case, when blocks are considered as rigid bodies, the homogenized function coincides with the viscous function of the mortar, normalized with respect to the size of the elementary cell. Interestingly, the homogenized viscous functions are very sensitive to E m /E b ratio. In particular, in the homogeneous case where
, homogenized functions are weakly time-dependent. In the bidimensional case, it is also very interesting to evaluate, over time, the ratio between the two A rigid motion -and subjected to three loads: a q 1 vertical distributed load at the top for x 2 = H, a q 2 horizontal distributed load at two lateral edges for x 1 = 0 and x 1 = L and a concentrated force F 3 at the top for x 1 = L/2 and x 2 = H (Fig. 9) . It is noteworthy that under these load conditions, the principal stresses are both due to compression, hence the no-tension behaviour of masonry may be discounted.
The 
A homogenized 2D FE model is proposed, using the moduli reported in Eq. (30); the model was applied, respectively, for t = t 0 = 28 days and t = 6000 days.
Two load combinations are considered:
Combination 1: panel subjected to distributed loads q 1 and q 2 ; Combination 2: panel subjected to distributed loads q 1 , q 2 and concentrated force F 3 (Fig. 9 ).
For Combination 1, an analytical solution exists.
As expected, r 22 stress in Combination 1 is constant and values for t = 0 days and t = 6000 days coincide. For Combination 2, on the other hand, r 22 stress distribution is almost coincident at t = 0 days and t = 6000 days. In Fig. 10a , the results of panel homogenization are reported for the two load combinations, with reference to the horizontal section A-A (see Fig. 9 ). In Fig. 10b colour maps of r 22 stress are reported for t = 0 days and t = 6000 days. Fig. 11 shows the e 22 strain distribution for same model under the same load combinations. As expected, relaxation over time is evident, both for boundary condition 1 and boundary condition 2. The same considerations may be extrapolated to the evaluation of shear stresses r 12 and strains e 12 (Figs. 12 and 13).
Comparison between masonry-like and multilayer materials
The different response provided by multilayer model and homogenization theory in the linear viscous-elastic case can be highlighted by the example at hand. The multilayer model can be characterized through the well known Reuss and Voight bounds. The Reuss solution, according to Eq. (18) provides the following homogenized constitutive tensor:
while the Voight bound results:
The two models highlight the very different behaviour of multilayer materials respect to different directions.
Multilayer homogenised constitutive relation appears quite different if compared with masonry homogenised solution, equation (27) .
As well known in literature, a limit in multilayer model is connected to evaluation of A 1122 and A 2211 coefficients that depend on the Voight or Reuss assumptions. In fact, if in their evaluation, the two bounds are considered A 1122 -A 2211 that is the elastic constitutive tensor lose its symmetry. Same considerations may be carried out for A 1212 coefficient.
For the two load combinations considered, Fig. 9 :
Combination 1: panel subjected to distributed loads q 1 and q 2 ; Combination 2: panel subjected to distributed loads q 1 , q 2 and concentrated force F 3 .
as expected, r 22 stress and e 22 strain in Combination 1 and Combination 2 are almost coincident for multilayer material and masonry with reference to the horizontal section A-A (Fig. 10 ) -in this direction multilayer constitutive function is referred to Reuss solution. While consistent differences, greater than 30%, may be found in e 11 strain distribution both in Combination 1 and Combination 2, Moreover it can be noted that the multilayer solution for t = 6000 days are almost coincident with masonry solution for and t = 6000 (BC 1 t = 6000), and in Combination 2 at t = 0 (BC 2 t = 0) and t = 6000 (BC 2 t = 6000). and t = 6000 (BC 1 t = 6000), and in Combination 2 at t = 0 (BC 2 t = 0) and t = 6000 (BC 2 t = 6000). and t = 6000 (BC 1 t = 6000), and in Combination 2 at t = 0 (BC 2 t = 0) and t = 6000 (BC 2 t = 6000). t = 0 days. Finally the strain e 11 presents a different diffusion along the x 1 axis.
Analogous considerations may be extended to the e 12 strain distribution. In this case only Combination 2, Reuss bound, is reported in Fig. 15 . It must be noted that the obtained solution for t = t 0 corresponds to the elastic case. Obviously, a different elastic solution, displays in a viscoelastic material a different evolution trend.
It can be concluded that for the 2D problems only in presence of uniform compression the results provided by a multilayer material satisfactory approximate the results obtained by a rigorous application of the homogenization theory for a masonry like material.
Conclusions
In this paper, a linear viscous model based on rigorous homogenization procedures is proposed for masonry. The proposed model allows to obtain in analytical form constitutive functions for masonry like material. The obvious limit of this approach, is that rigorous homogenization theory may be applied to linear viscoelastic solids with may not represent experimental behaviour of masonry and in particular may not take into account limited tensile strength and damage phenomena for high compression loads. The 1D problem was analysed taking into account not only the viscous behaviour of mortar, but also the no-tension assumption. For 2D problem, on the other hand, the viscoelastic tensor was derived in general and analytical forms, and stress relaxation was evaluated in a compressed panel of two sides. trend in e 11 strain -both multilayer material and masonry like material -in Combination 1 at t = 0 (BC 1 t = 0) and t = 6000 (BC 1 t = 6000), and in Combination 2 at t = 0 (BC 2 t = 0) and t = 6000 (BC 2 t = 6000).
